In this work we tackle a kinetic-like model of opinions dynamics in a networked population endued with a quenched plurality and polarization. Additionally, we consider pairwise interactions that are restrictive, which is modeled with a smooth bounded confidence. Our results show the interesting emergence of nonequilibrium hysteresis and heterogeneity-assisted ordering. Such counterintuitive phenomena are robust to different types of network architectures such as random, small-world and scale-free.
Introduction
It is nowadays largely accepted that the public debate has been moving towards a framework of increasing polarization in exchange of a diversity of opinions around the so-called common-sense [1, 2, 3, 4] . At the same time, one has seen in the past decades a surge in the utilization physical systems -or quantitative models clearly inspired therefrom -providing valuable answers to the evolution of social systems, namely the formation of a majority opinion or consensus depending on the architecture of the interactions between the individuals as well as its robustness with respect to perturbations [5] .
Modeling opinion dynamics is one the most challenging topics in the study of complex systems [6, 7, 8, 9, 10, 11, 12] . Recent reviews focus on recent advances in opinion formation modeling, coupling opinion exchange with other aspects of social interactions, like the roles of conviction, positive and negative interactions, the information each individual is exposed to, and the interplay between the topology of complex networks and the spreading of opinions [13, 14, 15] .
Opinion formation is a complex process depending on the information that we collect from peers or other external sources, among which the mass media is certainly the most predominant. A great diversity of models inspired from those in use in physics have been developed to take into account those ingredients allowing us to identify the mechanisms involved in the process of opinion formation and the understanding of their role. Based on discrete and continuous opinion variables, many authors studied the role of factors such as the inflow and outflow dynamics and distinct interaction rules, among others. Network topology was also explored as well as the presence of specific kinds of agents like contrarians, inflexibles and opportunists [6, 7, 11, 13, 16, 4] .
The present paper is organized as follows: in Sec. 2 we present a review the correlated literature, in Sec. 3 we introduce our model, in Sec. 4 we present the results and in Sec. 5 we address our final remarks on this research.
Literature review
Counterintuitive phenomenology that challenges conventional wisdom in social dynamics has been reported since the early stages of this field [17] . More specifically, within the field of opinion dynamics, results that defy common sense have been reported regarding the monotonicity of the ordering or consensus achievement. Assuming only endogenous ingredients in the dynamics, and by considering a mean-field kinetic-like model with non-smooth bounded confidence, [18] it was possible to show that a moderate amount of conviction assists the global opinion, but too much ends up hindering the collective opinion [19] . Afterwards, in Ref. [20] it was shown that the q-voter model [21] with memory leads to the public opinion to be a non-monotonic function of the social temperature for individualistic societies. In Ref. [22] it was studied a mean-field continuous opinion dynamics and reported that increasing a 'social temperature' from a small value to a moderated magnitude lead to the strengthening of the collective opinion. Recently, Ref. [23] investigated a three-state kinetic-like opinion dynamics in modular networks obtaining a non-monotonic dependence of the global opinion with the network modularity and with a neutrality-noise.
On the other hand, when there are external elements driving the system -e.g., by means of a binary opinion dynamics governed by a local majority rule under a time-dependent external field [24] -it is possible to observe the emergence of an optimal global opinion for a moderated amount of diversity in the agent's preferences in a way that to much diversity or the lack thereof weakens the collective behavior.
Taking note of the aforementioned references, we have noticed that opinion dynamics models have considered either agents on full graphs with continuous opinions and unrestricted interactions [22] or non-smooth bounded confidence [19] binary opinion states [20] , or else 3-state opinion approaches on modular complex networks [23] .
Thus, models for agents with continuous-valued opinions, restrictive interactions, individual preferences with two sources of diversity on complex network architectures is absent in the literature.
In our model, we consider that individuals have individual preference. For that, we employ a double gaussian, which allows tuning between different sources of disorder, namely polarization and (standard) plurality around some default value. As shown in Ref. [25] , such a distinction between types of diversity is very important since they lead to different effects. More specifically, personal preferences are implemented by introducing an individual additive field to the equation of opinion formation.
This setting assumes that voters evaluate relevant information in a more or less impartial way, but there is strong behavioral evidence of motivated reasoning and partisan bias. It is known (in political psychology) that personality traits correlate with political preference. Namely, it is asserted [26, 27, 28] -within statistical significancethat Conservatives tend to be higher in conscientiousness and politeness, whereas Liberals are higher in openness-2 intellect and compassion. So much so, that neuroanatomical differences were also found to correlate with political preference [29] . That said, as personal preferences play an important role in the public debate, they should be taken into account in its models as well.
Model
Based on a local-global kinetic-like model of opinions presented Refs. [30, 31] , we consider a model where the opinion, o, of each agent, i, evolves according to
Explicitly, we consider that the opinion of an agent depends on her previous opinion o i (t), a peer pressure o j (t) of a randomly picked neighbor j which is modulated by random heterogeneity, [30] ǫ 1 ∈ [0, 1] and a smooth bounded confidence, [32] 
where r is a decay rate that calibrates the magnitude of the relative peer opinion. This term produces restrictive interactions since it bounds the impact of the opinion of the neighbor j in the future opinion of agent i. The third term on the right-hand-side of Eq. (1) aims at describing effective perception of agent i over the global opinion that is weighed by annealed stochastic heterogeneity ǫ 2 ∼ U (0, 1) [31] . Last, we represent the bias of the agent -established on their general beliefs and traits -by the variable h. Herein, that endogenous field is randomly selected according to a double gaussian probability distribution,
The limiting case σ = 0 on Eq. (3) corresponds to a bimodal distribution, i.e., two delta functions centered at
Since such features-individual preferences -tend do be stable trough individuals (adult) lives we treat {h i } as quenched. The probability density function (3) has two free parameters of the model and was selected because it allows us to study the impact of different sorts of heterogeneity, namely plurality -quantified by σ -and polarization, which is gauged by the value of µ [25] . The approach of considering individual features as an additive field was first championed by Galam in a simple Ising-like model adapted to survey group decision making [33] .
If r = µ = σ = 0 we recover the model by Biswas et al [31] that has no bounded confidence and no individual's preference while keeping the term related to the partial knowledge of the global opinion.
The initial state of the system is assumed to be fully disordered(ordered); in other words, at first the opinions are drawn from the uniform distribution in the range [−1, 1] (o i = 1 ∀i). Afterwards, the algorithm goes as follows: disorder was implemented through three paradigmatic networks: Erdős-Rényi (ER) [34] , Barabási-Albert (BA) [35] and Watts-Strogatz (WS) [36] .
To characterize the collective stance of the group of agents we use
which in critical phenomena parlance acts as the order parameter of this system so that a nontrivial collective stance is achieved when O = 0; on the other hand, the state O = 0 corresponds the trivial collective stance, which at its best, corresponds to the classical 'we agree to disagree' situation. Physically, the former is a ordered state whereas the latter is a disordered one. Equation where the jump in the entropy is visible. The entropy was computed using the Kozachenko-Leonenko algorithm [38] and each × represents a sample. Average order parameter, O , versus heterogeneity, σ, with the vertical axis to the right and • as marker.
Results and discussion
Our Monte Carlo simulations are formulated in terms of a multi-agent system [39, 40, 41] since individuals are the primary subject of social theories [42] . The simulations here presented were performed considering N = 10 4 agents -or nodes in the network -and averaged over 50 samples. A new network was generated every 5 samples so that each data point is actually an average over 10 different networks generated using each model. All networks generated considered an average connectivity of k ≈ 50. By fixing the average connectivity we are able to better assess the relevance of the topology in the dynamics.
The dependence of the collective state O on µ for both initial conditions -O(0) = 0, O(0) = 1 -is visible in Fig. 1 . For σ = 0 -which can be understood as the paradigmatic polarized case where the society is separated out into two perfectly aligned groups showing no dissension within them -there is a clear discontinuous transition between the reaching of a consensus and the impossibility thereof. We identify that class of transition taking into account the dependence of collective stationary state on the initial condition that leads to a hysteresis-like shape.
The existence of hysteresis is a strong indication of the impact of the past (historical) social condition of the system -which we can assign to the initial conditions of the present model -and concurs with a phenomenon known in Sociology as social hysteresis [43] . This aspect is emphasized by the increasing number of works showing its presence in many different social settings [23, 44, 45, 46, 47, 48, 49, 50] . Importantly, none of these works showed the emergence of hysteresis under the dynamical interplay of multiple sources of disorder and interactions as done here. 4333
Besides hysteresis we have observed that in increasing the plurality of the groups by making σ larger, it is possible to increase the value of the order parameter, i.e., booster the collective behavior (see Fig. 2 ). That heterogeneityassisted ordering shows a counterintuitive beneficial role in promoting different types of diversity (or let us say 5 disorder) in a multi-agent system. While reentrant transitions disorder-order-disorder have been reported in a mean-field zero-temperature Ginzburg-Landau under a quenched additive noise from a one-peak distribution [51] -i.e., without partisanship across the system -the role of the disorder as a promoter of the collective stance is unknown for kinetic-like opinion dynamics. For instance, disorder manifested in the form of inflexibility in a fraction of the population only leads to a weakening of the collective stance [52] . Still in Fig. 2 , we see that increasing magnitudes of restrictions in the interactions, r, decreases the prominence of the ordered phase.
It is relevant to further explore the nature of the transition; as well-known in critical phenomena of equilibrium systems, the existence of a discontinuous phase transition is associated with a jump -i.e., a discontinuity -in the value of the entropy, S, of the system. In equilibrium statistical mechanics, that shift is related to a latent heat ∆Q taking into account the relation ∆Q = T ∆S where T is the temperature of the system. We define that discontinuity in the entropy as latent heterogeneity in the system since it is unable to enhance the decrease in the cost of assuming the trivial collective stance, O = 0, over a nontrivial stance, O = 1. In Fig. 3 , we depict the evolution of the entropy of the system S ≡ − p(o) ln p(o) do with respect to its heterogeneity, σ. Comparing to the diagram O v σ in, the circles with vertical axis to the right in the same figure, we verify that discontinuity.
In Fig. 4 we address the robustness of our results. To perform this task we have carried out extensive Monte Carlo simulations considering µ, σ, r as free parameters and the two previously mentioned initial conditions. Each one of the diagrams has at least a total of 40x40x20 points of simulations. Within each row we show the diagrams for O(0) = {0, 1} and r = {0, 1/4}. The main points of Fig. 4 can be summarized as:
• The diagrams with initial condition O(0) = 0 -first and third columns -show that the disorder-induced order is very robust. It appears across all network types, and for a range of both µ and r.
• Each pair of initial conditions O(0) = {0, 1} presents a significant difference in the stationary state of the system for all networks and for both values of r. This confirms that the hysteresis is also robust to distinct µ, r and type of networks. This further underscores the indications of a discontinuous transition behavior.
• Each pair r = {0, 1/4} (with a fixed O(0) and type of network) confirms that increasing r leads to a decrease in the area of the ordered phase. The origin of this inhibition of the collective stance due to r can be traced back to the role of the decay rate r in Eqs. (1) and (2) . It directly weakens the local term ǫ 1 g(t)o j (t), which in turn, reduces the interactions between distant opinions and therefore the ability of the system to get to an ordered state. Fig. 4 , but now focusing on the role of the structural disorder, take a look at each triplet {ER, BA, W S} of networks (with a fixed O(0) and r). As aforementioned, for a fair comparison we keep the same average connectivity for those three types of networks. We see that the breakdown of the uncorrelated features of the Erdős-Rényi networks does not destroy neither the hysteresis nor the disorder-induced order. That is, such diagrams show that emergent phenomenology of our model is robust to correlations in the structural backbone of the network as can be seen in the diagrams for the BA and WS networks. Even though the overall features are qualitatively the same, there are some features to note: (i) the ER with its absence of clustering and degree-degree correlations leads to the largest area in the ordered state; (ii) the hub-and-spoke pattern in BA architectures leads to more ordered states than the presence of patterns manifested as triangulations and shortcuts across the WS network (that is decentralized).
Still in
About the order of the transition, the diagrams of Fig. 4 exhibit regions undergoing an abrupt change in the order parameter. This result aligned with the hysteresis are indicators of a first-order phase transition, that in our case is of nonequilibrium nature. The diagrams also highlight that the increasing in σ induces a smoothing in the phase transition. If the plurality parameter σ increases too much, the transition changes from discontinuous to continuous with no signature of history-dependent effect. This is an agreement with Ref. [25] , in which it is considered full-graph for modelling unbounded continuous opinions with individuals preference coming from a double gaussian.
Finally, a question deserves being addressed: what is the mechanism behind the phenomena we observed, namely the hysteresis and the ordered phase induced by disorder? Taking a final look at the Eqs. (1) and (2) we can explain the origins of such phenomena by the imbalance in the competition -due to proper changes in the combinations of the parameter space -between two mechanisms: (i) the terms that tend to promote the global ordering such as the term associated to the local interaction ǫ 1 g(t)o j (t) and the one associated to the global term ǫ 2 O(t); (ii) the terms that tend to promote the permanence in the initial condition such as o i (t) and the term associated to the individual preference h i .
Final Remarks
We have studied a dynamical model considering a continuous kinetic model in complex networks with restrictive interactions between agents, modeled with a smooth bounded confidence. The agents are endued with a quenched individual preference [25] with plurality and polarization. Our model is able to reproduce a phenomenon previously found in field studies on Quantitative Sociology named social hysteresis. The main feature of our model is that it allows distinguishing different sorts of heterogeneity in the model so that in adjusting the impact of plurality over polarization -which represents partisanship -it is possible to control the type of transition between continuous and discontinuous transitions between a final non-trivial 'yea/nay' (O = 0) and the trivial 'we agree to disagree'
(O = 0) collective stance. That behavior is robust across different network topologies with scale-free networks showing a larger volume of the space of parameters yielding O = 0. Given the existence of hysteresis, we have asserted and confirmed that this behavior agrees to a jump in the entropy of the system that we defined as latent entropy; the term latent has to do with the incapacity of making the emergence of trivial over a nontrivial collective stance cheaper.
We have also observed the emergence of order induced by disorder, a typical phenomenon in magnetic systems.
In addition, our results exhibit indicators of the occurrence of nonequilibrium first-order phase transitions, another uncommon behavior in models of opinion dynamics. Previous works showed the emergence of hysteresis, but to the best of our knowledge it is the first time that behavior is generated by the dynamical interplay of multiple sources of disorder and interactions as done here.
Within the field of opinion dynamics, our work has the contribution of presenting a novel mechanism for nonequilibrium hysteresis and for heterogeneity-assisted ordering. From a more practical perspective, opinion dynamics are important for other co-occurring processes such as vaccination dynamics where the success of a vaccination campaign also depends on the individual opinion about vaccines [53, 54] . In this sense, our work suggests that take into account the multifold interplay between several sources of disorder and interactions provides a better understanding of the collective stances which in turn can provide a better grasping of coupled opinion-vaccination dynamics. In a future study we plan to pursue in details this endeavour of research of coupling our present model of opinion dynamics -with the insights we produce -with a vaccination dynamics during an epidemic oubreak.
The relevance of such coevolution spreading and others has been further stressed in a recent review [55] .
